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Abstract—This paper provides a novel characterization of fair-
ness concepts in network resource allocation problems from the
viewpoint of information theory. The fundamental idea adopted
in this paper is to characterize the utility functions used in
optimization problems, which motivate fairness concepts, based
on a trade-off between user and system satisfaction. Here, user
satisfaction is evaluated using information divergence measures
that were originally used in information theory to evaluate the
difference between two probability distributions. In this paper,
information divergence measures are applied to evaluate the
difference between the implemented resource allocation and a
requested resource allocation. The requested resource allocation
is assumed to be ideal in some sense from the user’s point of view.
Also, system satisfaction is evaluated based on the efficiency of
the implemented resource utilization, which is defined as the total
amount of resources allocated to each user. The results discussed
in this paper indicate that the well-known fairness concept called
weighted α-proportional fairness can be characterized using the
α-divergence measure, which is a general class of information
divergence measures, as an equilibrium of the trade-off described
above. In the process of obtaining these results, we also obtained
a new utility function that has a parameter to control the trade-
off. This new function is then applied to typical examples to solve
resource allocation problems in simple network models such as
those for two-link networks and wireless LANs.

I. INTRODUCTION

This paper considers a network resource allocation problem,
where the network has a resource with a finite capacity and
supports a finite number of users. When users have to compete
for the resource, the share allocated to each must be regulated
by some control mechanism to avoid network congestion and
degradation in performance. As a result of the finite capacity
of the resource, any compromise in resource allocation will
lead to the concept of fairness.

The mathematical concept of fairness is formulated as an
optimization problem, where the objective is to find a feasible
resource allocation that maximizes a utility function specific
to the fairness concept used. Examples of such fairness con-
cepts are throughput maximization [1], max-min fairness [1],
proportional fairness [2], and potential delay minimization [3].
A general class of these examples is weighted α-proportional
fairness [4]. The mathematical formulation of weighted α-
proportional fairness embodies a number of fairness concepts
including the above examples by varying the values of param-
eter α and the weight parameter. A more general class is utility

fairness [2], [5]–[7], which includes weighted α-proportional
fairness as a special case. Utility fairness is defined with
a utility function, and resource allocation is determined by
solving the optimization problem, where the objective is to
find a feasible resource allocation that will maximize the
utility function. After these fairness concepts were proposed, a
number of studies examined their application, extension, and
evaluation. For example, static/dynamic or packet/flow level
performance in various network models has been extensively
examined [5]–[15].

In this paper, we consider that utility fairness, and α-
proportional fairness in particular, should have properties
of resource allocation that solves a combined optimization
problem of (i) minimizing the “distance” between a requested
resource allocation (which may not be feasible) and an im-
plemented resource allocation associated with the overall user
utility and (ii) maximizing an overall resource-usage utility
in the implemented resource allocation. The fundamental idea
behind in this paper is to characterize the fairness concept
through insights into the trade-off between user and system
satisfaction. That is, we consider that the optimization of
user satisfaction should be expressed through the minimization
in (i) and the optimization of system satisfaction should be
expressed through the maximization in (ii). To realize this goal,
we propose a new utility function that expresses the trade-
off between user and system satisfaction in the implemented
resource allocation. The proposed utility function has a pa-
rameter to control the trade-off. We demonstrate that existing
utility functions, which motivate fairness concepts such as
weighted α-proportional fairness, appear to be an equilibrium
in the trade-off expressed by the proposed utility function.

User satisfaction in the implemented resource allocation,
which is associated with the overall user utility, is evaluated
using information divergence measures that play an important
role in information theory. Information divergence is a distance
defined on a pair of probability measures (or a pair of positive
finite measures), which is positive except in the case of agree-
ment between two probability measures (or two positive finite
measures). We use information divergence to evaluate user
satisfaction by comparing the implemented resource allocation
and the requested resource allocation. The requested resource
allocation is assumed to be ideal in some sense from the
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user’s point of view. If it is assumed that uniform resource
allocation among users is ideal from the users’ point of
view, weighted α-proportional fairness is obtained from the
fundamental idea mentioned above using α-divergence [16],
which is an extension of well-known information divergence
called Kullback-Libler divergence [17]. Although information
divergence measures were also used in [18] to characterize the
fairness concept, its approach was different from this paper
because they were not used to evaluate the trade-off between
user and system satisfaction.

We use the overall resource-usage utility to evaluate system
satisfaction in the implemented resource allocation. That is,
we assume that efficient utilization of network resources is
preferable from the system’s point of view.

This paper is organized as follows. Section II briefly re-
views the mathematical formulation of fairness concepts and
information divergence measures. Section III presents the
characterization of weighted α-proportional fairness using α-
divergence. This characterization leads to a generalized con-
cept of weighted α-proportional fairness. Section IV applies
the generalized concept to resource-allocation problems in
simple network models such as those for two-link networks
and wireless LANs. Section V concludes the paper.

II. BRIEF REVIEW OF FAIRNESS CONCEPTS AND

INFORMATION DIVERGENCE MEASURES

A. Network Model

Consider a network with a resource. Let N be a set of
users who must compete for the resource, where n denotes
the cardinality of N . Let xi be the share of the resource that
is allocated to user i ∈ N . The resource allocation vector
is denoted by x = (x1, x2, . . . , xn), where 0 < xi < ∞,
i ∈ N . Let C be a feasible region for allocating the resource.
Resource allocation vector x is feasible if x ∈ C. Bandwidth is
a representative resource considered in the resource-allocation
problem.

B. Utility Fairness

A general fairness concept called utility fairness has been
proposed [2], [5]–[7]. A resource allocation vector, x∗ =
(x∗1, x

∗
2, . . . , x

∗
n), is utility fair if it is feasible, i.e., x∗ ∈ C,

and if for any other feasible vector x, the following condition
is satisfied:

n∑
i=1

∂ϕi
∂xi

(x∗i )(xi − x∗i ) ≤ 0,

where ϕi(·) is an increasing, strictly concave, and continuously
differentiable function on open interval (0,∞) for all i ∈ N .

Utility fairness can be motivated another way. Consider the
following optimization problem:

maximize
n∑
i=1

ϕi(xi), (1)

subject to x ∈ C. (2)

If the feasible region given in Eq. (2) is convex and compact,
an optimal solution to the above problem exists and is unique
since the objective function given in Eq. (1) is strictly concave.
The objective function is referred to as the utility function of
utility fairness.

A well-known example of the utility fairness is called
weighted α-proportional fairness [4]. The formulation of α-
proportional fairness is given by substituting wiϕα(·) into
ϕi(·) in Eq. (1), where ϕα(·), α > 0 is an increasing, strictly
concave, and continuously differentiable function on open
interval (0,∞), as follows:

ϕα(x) =

{
log x, if α = 1.
x1−α

1−α , if α > 0, α �= 1.
(3)

That is, weighted α-proportional fairness can be motivated by
the following optimization problem:

maximize
n∑
i=1

wiϕα(xi), (4)

subject to x ∈ C, (5)

where w = (w1, w2, . . . , wn) is a weight vector with positive
elements. If wi = wj , ∀i, j ∈ N , then weighted α-proportional
fairness is simply called α-proportional fairness. Note that α-
proportional fairness reduces to several well-known fairness
concepts. For example, maximum throughput [1] is obtained
when α→ 0, proportional fairness [2] is obtained when α→
1, potential delay minimization [3] is obtained when α = 2,
and max-min fairness [1] is obtained when α→ ∞.

C. Csiszár’s f -divergence

Information divergence is a measure that defines a dis-
tance between vectors x = (x1, x2, . . . , xn) and y =
(y1, y2, . . . , yn), where the components of the vectors are
positive (i.e., xi, yi > 0, i = 1, . . . , n). Although the original
definition is only for the vector that satisfies

∑n
i=1 xi = 1

and
∑n
i=1 yi = 1 (i.e., the probability measure), the general

definition introduced in this section can be applied to the
vector that satisfies

∑n
i=1 xi < ∞ and

∑n
i=1 yi < ∞ (i.e.,

the positive finite measure) [19].
The most well-known information divergence measure was

introduced by Kullback and Leibler [17]. It is now referred
to as Kullback-Leibler divergence (KL-divergence, for short).
A geometric interpretation of information divergence measures
led to an extension of KL-divergence called α-divergence [16].
α-divergence is closely related to Rényi entropy [20] and
Tsallis entropy [21], which are generalizations of Shannon
entropy. KL-divergence and α-divergence are members of an
important class of information divergences called f -divergence
that was introduced by Csiszár [22].

Csiszár’s f -divergence is defined by a strictly convex and
continuously differentiable function f(·) on open interval
(0,∞), satisfying f(1) = f ′(1) = 0 as:

Df (x,y) =
n∑
i=1

xif

(
yi
xi

)
.
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Note that

Df (x,y) ≥ 0 (6)

holds, where the equality holds if and only if x = y. Thus,
Df (x,y) can be regarded as a kind of distance between x
and y, even though Df (x,y) = Df (y,x) (i.e., a symmetric
property) does not necessary hold in general. In addition, it is
easy to see that

εDf (x,y) = Dεf (x,y), (7)

holds for any positive constant value ε > 0.
A member of Csiszár’s f -divergence called α-divergence

[16] is defined as:

Dfα
(x,y) =

1
α(1 − α)

n∑
i=1

{(1 − α)xi + αyi − x1−α
i yαi },

where

fα(u) =

⎧⎪⎨
⎪⎩

1
α(1−α){1 − uα + α(u− 1)}, if α ∈ R\{0, 1}.
− log u+ u− 1, if α = 0.
u log u− u+ 1, if α = 1.

The α-divergence reduces to several well-known information
divergences. For example, KL-divergence is obtained when
α→ 0, Hellinger divergence is obtained when α = 1/2, dual
KL-divergence is obtained when α→ 1, (dual) Neyman’s chi-
square divergence [23] is obtained when α = 2.

III. CHARACTERIZATION OF WEIGHTED α-PROPORTIONAL

FAIRNESS

This section first introduces a fundamental idea to char-
acterize fairness concepts in allocating network resources
through insights into the trade-off between user and system
satisfaction. We then propose a utility function to characterize
weighted α-proportional fairness based on this fundamen-
tal idea. The proposed utility function is closely related to
α-divergence. We demonstrate that the utility function of
weighted α-proportional fairness defined by Eq. (4) appears to
be an equilibrium of the trade-off expressed in the proposed
utility function.

A. Fundamental Idea

First, let vector y represent a requested resource allocation
vector that is assumed to be ideal in some sense from the
user’s point of view. That is, vector y best satisfies a kind of
user demand.

For example, let us consider the case where vector y
represents resource allocation that makes use of resources
as much as possible under the constraint of uniform re-
source sharing, i.e., y = c = (c, c, · · · , c) ∈ C, where
c = arg maxz=(z,z,...,z)∈C z. Vector c can be regarded as an
example of a resource allocation that takes into consideration
the viewpoint of user fairness.

As another example, let us consider a case when vector
y represents an allocation of resources requested by users
such that y = r = (r1, r2, . . . , rn), where ri is an allowable

maximum allocation of resources for user i ∈ N . Note that
condition r ∈ C is not necessarily satisfied because vector r
is just a request by users. That is, vector r does not have to be
feasible. Vector r can be regarded as an example of a resource
allocation that takes into consideration the viewpoint of user
requirements.

Then, let vector x ∈ C represent an implemented allocation
of resources that are actually supplied to users. This paper
evaluates user satisfaction in such an implemented resource
allocation x by using the requested resource allocation y as
a basis for comparison. That is, the best resource allocation
vector from the user’s point of view is obtained from the
optimization problem defined by minimizing

aD(x,y), (8)

subject to x ∈ C, where a > 0 is a constant value and
D(x,y) is a measure that evaluates the difference between the
implemented resource allocation vector x and the requested
resource allocation vector y. Vector x ∈ C, which minimizes
Eq. (8), should correspond to the requested resource allocation
vector y if it is feasible (i.e., y ∈ C). The difference measure
D(x,y) reflects the difference in user utility between the
implemented resource allocation vector x and the requested
resource allocation vector y experienced by users.

In addition, this paper evaluates system satisfaction in the
implemented resource allocation x based on the efficiency of
resource-usage. The efficiency of resource-usage is defined as
the total amount of resources allocated to each user. That is,
the best resource allocation vectors from the system’s point of
view are obtained from the optimization problem defined by
maximizing

b

n∑
i=1

xi, (9)

subject to x ∈ C, where b > 0 is a constant value.
Generally, the utility functions defined by Eqs. (8) and (9)

are not necessarily compatible. Therefore, it is reasonable to
consider the optimization problem given by maximizing

−γaD(x,y) + (1 − γ)b
n∑
i=1

xi, (10)

subject to x ∈ C, where 0 < γ < 1 is a constant value. Equa-
tion (10) is an important new utility function introduced in this
paper. The parameter γ controls the trade-off between user and
system satisfaction. For example, Eq. (10) is equivalent to the
negative of Eq. (8) when γ → 1 and is equivalent to Eq. (9)
when γ → 0. In this paper, we show that the utility function
given by Eq. (10) reduces to those of existing fairness concepts
such as weighted α-proportional fairness when γ = 1/2.
This means that existing fairness concepts can be regarded
as an equilibrium in the trade-off between user and system
satisfaction.

Figure 1 shows the concept underlying Eqs. (8), (9), and
(10). The curved surface represents the feasible region C. Since
the requested vector y does not lie in C in this example,
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Fig. 1. Concept of Eq. (10)

the best resource allocation vector from the user’s point of
view is given by the vector x̂u, which is the projection of
requested resource allocation vector y onto feasible region
C, i.e., x̂u = arg minx∈C D(x,y). Also, the dashed curved
lines represent contours of the value of

∑n
i=1 xi. The value of∑n

i=1 xi increases in the direction of the dashed arrow. There-
fore, the best resource allocation vector from the system’s
point of view is given by vector x̂s, which is in the bottom-left
corner of the curved surface, i.e., x̂s = arg maxx∈C

∑n
i=1 xi.

Here, note that the vector x̂s does not necessary increase user
satisfaction because there is a possibility that resources will
be exhausted by certain users as a result of maximizing the
value of

∑n
i=1 xi. From this observation, we can see that the

feasible resource allocation vector that maximizes the utility
function given by Eq. (10) should be located between x̂u and
x̂s. Parameter γ controls the importance between x̂u (i.e., the
user’s point of view) and x̂s (i.e., the system’s point of view).

It is important to note that the values of the first and
second terms in Eq. (10) (i.e., Eqs. (8) and (9)) should have
the same order of asymptotic variation with respect to xi,
i = 1, 2, . . . , n, which is referred to as “scale” in this paper.
This will then avoid a mismatch in the scale that causes
one term to be dominated by another term and thus lose
much of the meaning of weight parameter γ. Specifically,
the scale of function h(x) with respect to x is evaluated by
limx→∞ h(x)/x in this paper. If this value converges to one,
we consider that the scale of h(x) is same as that of x because
h(x) varies with x asymptotically. Parameters a and b in Eq.
(10) are used to adjust the scale of values.

It is also important to note that the values of the first and
second terms on the right hand side of Eq. (10) should have the
same physical dimensions. This is because a mismatch in the
physical dimensions loses the physical meaning of the value
of Eq. (10). In other words, the divergence measure used in
the first term should have the same physical dimensions as the
second term (i.e., the dimensions of xi, i = 1, 2, . . . , n). There
is a detailed discussion regarding the scale and the physical
dimensions of Eq. (10) in the next section.

B. Main Results

In view of the ideas in the previous section, let us then
consider a case where D(x,y) = Dfα

(x,y) in Eq. (10). Here,
Eq. (10) reduces to

−γaDfα
(x,y) + (1 − γ)b

n∑
i=1

xi. (11)

The following demonstrates that Eq. (11) reduces to the utility
function of weighted α-proportional fairness when γ = 1/2
and y is the uniform resource allocation if the scale and the
physical dimensions are adjusted appropriately. This means
that weighted α-proportional fairness can be regarded as an
equilibrium in the trade-off between user and system satisfac-
tion assuming that the uniformity of resource allocation is a
request from users.

Before turning to the discussion about the relationship, let
us consider the scale and the physical dimensions of Eq. (11).
First, let us determine the values of a and b by taking the
scale of the values of the first and second terms in Eq. (11)
into consideration. We rewrite Eq. (11) as

n∑
i=1

{−γadfα
(xi, yi) + (1 − γ)bxi} ,

where the function, dfα
(·, ·), is defined as

dfα
(xi, yi) = xifα

(
yi
xi

)

=
1

α(1 − α)
{(1 − α)xi + αyi − x1−α

i yαi }.

Here, we can see that the values of the first and second terms
in Eq. (11) have the same scale with respect to xi if the value
of dfα

(xi, yi) has the same scale as xi, i = 1, 2, . . . , n. The
scale of the value of dfα

(xi, yi) with respect to xi is evaluated
as

lim
xi→∞

dfα
(xi, yi)
xi

=

{
1
α if α > 0.
∞ if α < 0.

In addition,

fα(0) def= lim
u→0

fα(u) = lim
xi→∞

dfα
(xi, yi)
xi

holds. Therefore, the value of a is set to a = 1/fα(0) and that
of b is set to b = 1 in this paper. By using these settings, the
values of the first and second terms in Eq. (11) can have the
same scale. As a result, Eq. (11) is rewritten as

−γDf̄α
(x,y) + (1 − γ)

n∑
i=1

xi, (12)

where f̄α(u) def= fα(u)/fα(0) and we use the relationship
given in Eq. (7). Note that f̄α(u) satisfies the conditions for
constructing f -divergence only when α > 0, i.e., f̄α(u) is
strictly convex and a continuously differentiable function on
open interval (0,∞), satisfying f(1) = f ′(1) = 0 only when
α > 0. Thus, from now on, we will restrict this to α > 0.
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Then, note that the physical dimensions of Df̄α
(x,y) are

the same as those for xi, i = 1, 2, . . . , n. This is because
Df̄α

(x,y) is defined as

Df̄α
(x,y) =

n∑
i=1

xif̄α

(
yi
xi

)

and the value of yi/xi, i.e., the value of f̄α(yi/xi), is dimen-
sionless since xi and yi have the same dimensions.

The above discussion shows that the objective function
given by Eq. (12) is well-defined from the viewpoint of scale
and physical dimensions. In the following, we demonstrate
that the utility function defined by Eq. (12) reduces to that of
weighted α-proportional fairness when γ = 1/2.

Now, let us look closely at the properties of Eq. (12). To
find the relationship with weighted α-proportional fairness,
we replace xi with x′i = wixi and yi with y′i = wiyi (i =
1, 2, . . . , n), where w = (w1, w2, . . . , wi) is a weight vector
with positive elements. Here, Eq. (12) reduces to

− γDf̄α
(x′,y′) + (1 − γ)

n∑
i=1

x′i

= −γ 1
1 − α

n∑
i=1

{(1 − α)wixi + αwiyi − (wixi)1−α(wiyi)α}

+ (1 − γ)
n∑
i=1

wixi

= γ

n∑
i=1

wi
x1−α
i yαi
1 − α

+ (1 − 2γ)
n∑
i=1

wixi − γ

n∑
i=1

α

1 − α
wiyi.

In addition,

lim
α→1

{
−γDf̄α

(x′,y′) + (1 − γ)
n∑
i=1

x′i

}

= γ

n∑
i=1

{
−wiyi log

yi
xi

}
+ (1 − 2γ)

n∑
i=1

wixi + γ

n∑
i=1

wiyi

holds. Therefore, the optimization problem, which uses the
utility function given by Eq. (12) as an objective function, is
defined as

maximize Cf̄α,γ(x
′,y′), (13)

subject to x ∈ C, (14)

where Cf̄α,γ(x
′,y′) is defined as:

Cf̄α,γ(x
′,y′)

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
γ

n∑
i=1

wiyi log xi + (1 − 2γ)
n∑
i=1

wixi if α = 1.

γ

n∑
i=1

wi
x1−α
i yαi
1 − α

+ (1 − 2γ)
n∑
i=1

wixi if α > 0, α �= 1.

Fig. 2. Characteristics of Eq. (12)

For example, if γ = 1/2, the utility function reduces to

Cf̄α,1/2(x
′,y′) ∝

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

n∑
i=1

wiyi log xi if α = 1.

n∑
i=1

wi
x1−α
i yαi
1 − α

if α > 0, α �= 1.
(15)

The utility function defined by Eq. (15) represents an equi-
librium in the trade-off between user and system satisfaction
since γ = 1/2. In this case, if the requested resource
allocation is given by any uniform resource allocation vector,
i.e., y = c = (c, c, . . . , c) ∈ C, the utility function reduces to

Cf̄α,1/2(x
′, c′) ∝

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

n∑
i=1

wi log xi if α = 1,

n∑
i=1

wi
x1−α
i

1 − α
if α > 0, α �= 1,

(16)

where c′ = (w1c, w2c, . . . , wnc). The utility function defined
by Eq. (16) is equivalent to Eq. (4). This means that the utility
function of weighted α-proportional fairness can be charac-
terized as an equilibrium in the trade-off between user and
system satisfaction assuming that the uniformity of resource
allocation is a request from users. It is worth noting that
the utility function defined by Eq. (16) is common for any
uniform requested resource allocation. That is, uniformity is
a sufficient condition for the requested resource allocation to
obtain Eq. (16). The utility function, Cf̄α,γ(x

′,y′), does not
specifically depend on the value of c if γ = 1/2 as long as
y = c = (c, c, . . . , c) holds, whereas it depends on the value
of c if γ �= 1/2 even when y = c = (c, c, . . . , c) holds.

As has been shown, the optimization problem defined by
Eqs. (13) and (14) can be regarded as a generalization of the
optimization problem of the weighted α-proportional fairness
defined by Eqs. (4) and (5). The characteristics of Eq. (12)
discussed in the above are summarized in Fig. 2.

It is important to note that the characterization of weighted
α-proportional fairness obtained in this section can be regarded
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as a necessary result when we use α-divergence as a measure
to evaluate the difference between the implemented resource
allocation vector and the requested resource allocation vector.
That is, α-divergence derives weighted α-proportional fairness
as its natural corresponding fairness concept. In other words,
the physical meaning of parameter α in the definition of α-
divergence is naturally given by the connection with weighted
α-proportional fairness.

Here, one might suspect that Cf̄α,1/2(x
′,y′) is equivalent

to the utility function of weighted α-proportional fairness with
weight parameter wi := wiy

α
i , and therefore the definition of

the utility function in Eq. (12), which employs the notion of
requested resource allocation vector y, is redundant. Although
this interpretation is reasonable to some extent, it is important
to remember that the notion of requested resource allocation
vector y is vital to characterize α-proportional fairness as
an equilibrium in the trade-off between user and system
satisfaction.

It is also important to note that the function, Cf̄α,γ(x
′,y′),

satisfies the common properties of the utility function given
in Section II-B only when 0 < γ ≤ 1/2. That is, function
Cf̄α,γ(x

′,y′) is increasing and strictly concave with respect
to x > 0 only when 0 < γ ≤ 1/2. This means that it is not
valid to use 1/2 < γ < 1 to attach much more importance
to the closeness of the implemented resource allocation to the
requested resource allocation. This is because a part of the
resource might be left unused in such cases even when the
unused resource can be completely expended without having
to sacrifice any user’s resource allocation.

Summarizing the above observations, we can characterize
function Cf̄α,1/2(x

′,y′) from two points of view. That is, (i)
function Cf̄α,1/2(x

′,y′) applies a maximum weight on user
satisfaction (i.e., closeness to requested resource allocation)
under the constraint that it makes sense as a utility function,
(ii) while it can also be regarded as an equilibrium in the
trade-off between user and system satisfaction as described in
the main discussion in this section.

Here, it is worth noting that the maximization of Eq. (11)
can be regarded as the maximization of Rényi entropy or the
maximization of Tsallis entropy with respect to x ∈ C under
certain constraints. Since the proof for the above is easy to
derive, the details have been omitted due to space limitations.

A generalization of the results in this section is given
in the Appendix. In the generalization, we first propose a
utility function that uses Csiszár’s f -divergence in place of α-
divergence in Eq. (11). Then, we show that an overall utility,
which is defined with Csiszár’s f -divergence, appears to be an
equilibrium of the trade-off expressed in the proposed utility
function. The above generalization means that the definition
of a divergence measure, which is used as a distance measure
to evaluate the difference between an implemented resource
allocation vector and a requested resource allocation vector,
is equivalent to the definition of its corresponding fairness
concept. Therefore, if the divergence measure is defined to
reflect various kinds of properties of subjective or objective
evaluations concerning the distance from the ideal quality of

Fig. 3. Network model

Fig. 4. Solutions of the optimization problem defined by Eqs. (13) and (14)

communication services, the definition enables us to derive its
natural corresponding fairness concept with a utility function.

IV. APPLICATIONS TO RESOURCE ALLOCATION

PROBLEMS IN SIMPLE NETWORK MODELS

To see how the optimization problem defined by Eqs.
(13) and (14) works, let us look at two simple examples of
applications. The first is an application to the two-link network
model, and the second is an application to wireless LANs.

A. Application to Two-Link Network

Consider the simple network in Fig. 3. The network consists
of two links and three sources. Source 1’s route includes both
links 1 and 2, source 2’s route consists of link 1, and source
3’s route consists of link 2. Suppose the capacity of link 1 is
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10 and that of link 2 is 5. Therefore, the feasible region is
given by C = {x|x1 + x2 ≤ 10, x1 + x3 ≤ 5, x1, x2, x3 ≥ 0},
which is convex and compact.

Figure 4 plots the solutions to the optimization problem for
different values of α and γ, where we have used 0 < γ ≤ 1/2
taking into consideration the discussion in Section III-B. We
have also used w = (1, 1, . . . , 1) for simplicity. Figures 4(a),
4(c), and 4(e) are for y = pA = {2.5, 2.5, 2.5}, and Figs. 4(b),
4(d), and 4(f) are for y = pB = {5, 2.5, 2.5}. The requested
vector pB is not feasible (i.e., pB �∈ C).

As seen in these figures, the rate allocated to source 1 (the
rates allocated to sources 2 and 3) becomes larger (smaller)
when pB is used as a requested vector, compared with when
pA is used as a requested vector. This is because the requested
value of source 1 (i.e., the value of y1) of pB is larger than that
of pA. In addition, we can see that the solution reacts more
sensitively to the value of γ as the value of α increases. This
is because the gap in the order with respect to xi, i = 1, 2, 3,
between the first and the second terms in Eq. (12) increases
as the value of α rises. In other words, the impact of the first
term increases as the value of α rises.

B. Application to Wireless LANs

Here, we apply the optimization problem defined by Eqs.
(13) and (14) to a resource allocation problem in wireless
LANs (WLANs) [24].

1) Problem Formulation: Let ti be the total amount of air
time used by wireless station (WS) i ∈ N measured over a
very long period. The fraction of air time used by WS i is
then

si =
ti∑N
j=1 tj

.

In addition, let ri be the transmission rate of WS i ∈ N . The
throughput of WS i is then

xi = siri. (17)

Note that a suitable transmission rate ri, i ∈ N , is pre-
determined by the distances of WSs from the access point
and the channel conditions, or simply by the IEEE standards
(802.11b or 802.11g) used by their wireless cards. For exam-
ple, 802.11b stations have a maximum data rate of 11 Mbps,
while 802.11g stations have a maximum data rate of 54 Mbps.
Thus, ri, i ∈ N is constant for the optimization problem.

Referring to Eqs. (13) and (14), let us define the following
optimization problem:

maximize Cf̄α,γ(x
′,y′), (18)

subject to s ∈
{

s

∣∣∣∣
n∑
i=1

si = 1, si ≥ 0, i ∈ N
}
, (19)

where x′ = (w1x1, w2x2, . . . , wnxn) and s = (s1, . . . , sn).
Note that x is a function of s as defined in Eq. (17).

2) Analysis: To solve the above optimization problem, let
us define the Lagrangian as:

Lα(s, μα) = Cf̄α,γ(x
′,y′) + μα

(
1 −

n∑
i=1

si

)
,

where μα is a Lagrange multiplier. Solution s∗ = (s∗1, . . . , s
∗
n)

satisfies

∂Lα
∂si

(s∗, μα) = γwis
∗
i
−αr1−αi yαi + (1 − 2γ)wiri − μα = 0,

for all n ∈ N . Thus, the solution is obtained as:

s∗i =
{

γwir
1−α
i yαi

μα − (1 − 2γ)wiri

} 1
α

, (20)

x∗i =
{

γwiriy
α
i

μα − (1 − 2γ)wiri

} 1
α

, (21)

where x∗i = s∗i ri and μα is determined to satisfy the condition
given by Eq. (19). A closed-form solution can be obtained
when γ = 1/2 as:

s∗i =
w

1
α
i r

1−α
α

i yi∑n
j=1 w

1
α
j r

1−α
α

j yj

,

x∗i =
w

1
α
i r

1
α
i yi∑n

j=1 w
1
α
j r

1−α
α

j yj

,

where x∗i = s∗i ri.
Two kinds of examples for Eqs. (20) and (21) are presented

in Table I. The first example is for γ = 1/2, w = (1, 1, . . . , 1)
and y = c = (c, c, · · · , c) ∈ C. Vector c represents a uniform
allocation of resources. As discussed in Section III-B, this case
corresponds to α-proportional fairness. The second example
is for γ = 1/2, w = (1, 1, . . . , 1), and y = r, where r is
the transmission rate of WS i ∈ N . The results in this table
indicate that the optimization problem defined by Eqs. (13)
and (14) is richly expressive in network resource allocation.

V. CONCLUSION

An information theoretic cognitive process for establishing
a valid background of fairness concepts in network resource
allocation problems has been presented. The fundamental idea
behind this paper was to characterize the utility function
used in the optimization problem that motivates weighted α-
proportional fairness as an equilibrium in the trade-off between
user and system satisfaction in an implemented resource allo-
cation. User satisfaction was evaluated based on the difference
between the implemented resource allocation and a requested
resource allocation using α-divergence. System satisfaction
was evaluated based on the efficiency of the implemented
resource utilization that is defined as the total amount of
resources allocated to each user. We demonstrated that α-
divergence derives weighted α-proportional fairness as its
natural corresponding fairness concept. This means that the
natural corresponding fairness concept would be necessarily
derived if the properties of the difference measure between the
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TABLE I
EXAMPLES OF EQS. (20) AND (21)

γ =
1

2
, w = (1, 1, . . . , 1), y = c γ =

1

2
, w = (1, 1, . . . , 1), y = r

α → 0 s∗i =

{
1
m

, if ri = max{r1, . . . , rn}
0, otherwise

, x∗
i =

{
ri
m

, if ri = max{r1, . . . , rn}
0, otherwise

, where m = |{ri|ri = max{r1, . . . , rN}}|

α =
1

2
s∗i =

ri∑n

j=1
rj

, x∗
i =

r2
i∑n

j=1
rj

s∗i =
r2
i∑n

j=1
r2
j

, x∗
i =

r3
i∑n

j=1
r2
j

α = 1 s∗i =
1

n
, x∗

i =
ri

n
s∗i =

ri∑n

j=1
rj

, x∗
i =

r2
i∑n

j=1
rj

α = 2 s∗i =
1/

√
ri∑n

j=1
1/

√
rj

, x∗
i =

√
ri∑n

j=1
1/

√
rj

s∗i =

√
ri∑N

j=1

√
rj

, x∗
i =

ri
√

ri∑N

j=1

√
rj

α → ∞ s∗i =
r−1
i∑n

j=1
r−1
j

, x∗
i =

1∑n

j=1
r−1
j

s∗i =
1

n
, x∗

i =
ri

n

implemented resource allocation and the requested resource
allocation could be defined accordingly. There is a detailed
discussion on this in the Appendix. Also, we gave two exam-
ples of applications to simple network models to demonstrate
how the characterization presented in this paper works. We
believe that the results in this paper will provide a glimpse into
the inherent connection between resource allocation problems
and information theory.
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APPENDIX

The results in Section III-B are generalized in this appendix.
Let ϕ(·) be an increasing, strictly concave, and continuously
differentiable function on the open interval (0,∞). Using the
function ϕ(·), let us define a function ψ(·) as:

ψ(u) = −
{
uϕ

(
1
u

)
− ϕ(1)

}
+ {ϕ(1) − ϕ′(1)}(u− 1).

It is easy to see that function ψ(·) is strictly convex and
continuously differentiable on open interval (0,∞), satisfying
ψ(1) = ψ′(1) = 0. Therefore, the f -divergence can be defined
using function ψ(·) as

Dψ(x,y)

=
n∑
i=1

xiψ

(
yi
xi

)

=
n∑
i=1

{
−yiϕ

(
xi
yi

)
+ ϕ′(1)xi + (ϕ(1) − ϕ′(1))yi

}
.

It is important to note that if ϕ(u) = ϕα(u), then ψ(u) =
f̄α(u).

Here, let us consider a case where D(x,y) = Dψ(x,y) in
Eq. (10). In this case, the objective function reduces to

−γaDψ(x,y) + (1 − γ)b
n∑
i=1

xi. (22)

Along the same lines of the discussion in Section III-B, let
us determine the values of a and b considering the scale of
the values of the first and second terms in Eq. (22). Equation
(22) is rewritten as

n∑
i=1

{−γadψ(xi, yi) + (1 − γ)bxi} ,

where the function dψ(·, ·) is defined as

dψ(xi, yi) = xiψ

(
yi
xi

)

= −yiϕ
(
xi
yi

)
+ ϕ′(1)xi + (ϕ(1) − ϕ′(1))yi.

The scale of the value of dψ(xi, yi) with respect to xi is
evaluated as

ψ(0) def= lim
u→0

ψ(u) = lim
xi→∞

dψ(xi, yi)
xi

= ϕ′(1),

where ϕ(u) = o(u) holds because the function ϕ(·) is defined
as increasing, strictly concave, and continuously differentiable
on open interval (0,∞). Thus, this paper sets the values of a
and b to a = 1/ψ(0) = 1/ϕ′(1) and b = 1. By using these

values, the values of the first and second terms in Eq. (22) can
have the same scale. In this case, Eq. (22) is rewritten as

−γDψ̄(x,y) + (1 − γ)
n∑
i=1

xi, (23)

where ψ̄(u) = ψ(u)/ψ(0) = ψ(u)/ϕ′(1). Also, for the same
reason as that in Section III-B, the first and second terms in
Eq. (23) have the same physical dimensions. Therefore, we
can see that the objective function given by Eq. (23) is well-
defined from the viewpoint of scale and physical dimensions.

If we replace xi with x′i = wixi and yi with y′i = wiyi
(i = 1, 2, . . . , n), where w = (w1, w2, . . . , wi) is a weight
vector with positive elements, Eq. (23) reduces to

− γDψ̄(x′,y′) + (1 − γ)
n∑
i=1

x′i

= −γ
n∑
i=1

wixiψ̄

(
yi
xi

)
+ (1 − γ)

n∑
i=1

wixi

= −γ
n∑
i=1

{
−wiyiϕ

(
xi
yi

)
1

ϕ′(1)
+ wixi +

ϕ(1) − ϕ′(1)
ϕ′(1)

yi

}

+ (1 − γ)
n∑
i=1

wixi

=
γ

ϕ′(1)

n∑
i=1

wiyiϕ

(
xi
yi

)

+ (1 − 2γ)
n∑
i=1

wixi − γ

ϕ′(1)
(ϕ(1) − ϕ′(1))yi.

Therefore, the optimization problem, which uses the objective
function defined by Eq. (23), is given by

maximize Cψ̄,γ(x
′,y′), (24)

subject to x ∈ C, (25)

where Cψ̄,γ(x,y) is defined as

Cψ̄,γ(x
′,y′) =

γ

ϕ′(1)

n∑
i=1

wiyiϕ

(
xi
yi

)
+ (1 − 2γ)

n∑
i=1

wixi.

For example, if γ = 1/2, the objective function reduces to

Cψ̄,1/2(x
′,y′) ∝

n∑
i=1

ϕi(xi), (26)

where ϕi(u) = wiyiϕ(u/yi). The objective function defined
by Eq. (26) can be regarded as a special case defined by Eq.
(1). The above result means that a sum of utility ϕi(xi), which
is associated with Csiszár’s f -divergence, appears to be an
equilibrium of the trade-off expressed in Eq. (23). Here, for the
same reason as in Section III-B, the value of control parameter
γ should be restricted to 0 < γ ≤ 1/2.

Although we have focused on concave utility functions in
this paper, we intend to generalize our results in future studies
by taking into consideration other fairness concepts defined
with non-concave utility functions as in [25].
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